Quantum entanglement plays an important role in quantum information processes, such as quantum computation and quantum communication. Experiments in laboratories are unquestionably crucial to increase our understanding of quantum systems and inspire new insights into future applications. However, there are no general recipes for the creation of arbitrary quantum states with many particles entangled in high dimensions. Here, we exploit a recent connection between quantum experiments and graph theory and answer this question for a plethora of classes of entangled states. We find experimental setups for Greenberger-Horne-Zeilinger states, W states, general Dicke states, and asymmetrically high-dimensional multipartite entangled states. This result sheds light on the producibility of arbitrary quantum states using photonic technology with probabilistic pair sources and allows us to understand the underlying technological and fundamental properties of entanglement.
Entanglement, which exhibits correlations without a classically analog [1, 2] , is a very peculiar property of quantum states. It is of particular importance in understanding the foundations of quantum mechanics, especially for local realism. Nowadays it has been viewed as a prominently useful resource for quantum information applications, such as quantum computation and quantum communication.
The smallest entangled system consists of two particles, which share one bit of information (such as the polarization state of a photon) in a non-local-realistic way. Such a system is a cornerstone of research in quantum entanglement theory.
More particles or high-dimensional degrees of freedom can lead to more complex types of entanglement. A prominent example of multipartite entanglement is the so-called Greenberger-Horne-Zeilinger (GHZ) state [3, 4] , which offers a new understanding in the study of our local and realistic worldview. Another famous class of entangled states is the Dicke state [5] , with an important special case -the W state.
Increasing the number of involved degrees of freedom in the entanglement significantly increases the number of different possible states and the complexity of studying them. For example, the question about all-versus-nothing violations of high-dimensional GHZ states has only been understood in 2014 [6, 7] , and these states have only been experimentally implemented in the very recent past [8] . High-dimensional and multipartite entanglement can lead to new, asymmetric types of quantum correlations which are not seen in any qubit system [9, 10] . Such a type of entanglement was first been investigated in the laboratory in 2016 [11] and allows potentially different types of quantum communication scenarios [12] . In the spirit of Richard Feynman, who once famously said "What I cannot create, I do not understand," here we ask, Which quantum entangled states can be created in the laboratories with current photonic technologies?
Using a recently uncovered bridge between quantum experiments with probabilistic photon pair sources and graph theory [13] , we answer this question for many classes of entangled states. The correspondence is listed in Table I . Our strategy is to translate the question about the construction of a quantum state into a question about the existence of a graph with certain properties. All of our affirmative answers are constructive, meaning that in these cases we show the graph and its corresponding quantum experimental setup.
In this paper, we briefly summarize the main results from [13] and explain the connection between quantum experiments and graphs. Then we show graphs and experimental setups for creating 2-dimensional and 3-dimensional GHZ states as well as 4-particle W state. Afterwards, we extend the applications and find a construction for W state with arbitrary particles, and its generalization -the Dicke states. Furthermore, we present a general solution to producing high-dimensional 3-particle entangled states, which answers a question that has been raised more than 3 years ago.
Our investigation significantly enlarges the understanding of currently existing experimental technology and finds systematic solutions to a question that has previously investigated only with advanced automated search methods [14, 15] .
GENERATION OF GREENBERGER-HORNE-ZEILINGER STATES
GHZ states form a very important class of entangled states and are denoted as
where n is the number of particles and d is the dimension for every particle.
In Fig. 1A , we show an experimental setup to produce a 2-dimensional 4-particle GHZ state |GHZ 2 4 using Entanglement by Path Identity [16] . Photon pairs can be created by probabilistic photon pair sources (such as nonlinear crystals, depicted as gray squares) via the spontaneous parametric downconversion (SPDC) process. The crystals are set up in such a way that crystals I and II produce photons with states |00 , while crystals III and IV produce photons with states |11 . Here the mode numbers 0 and 1 correspond to the polarization of photons 1 , the orbital angular momentum (OAM) [17] [18] [19] or some other degree-of-freedom such as time-bin [20, 21] or frequency [22] .
The four crystals are pumped coherently and the pump power is set in such a way that two photon Figure 1 . Experiment for producing a 2-dimensional 4-particle GHZ state |GHZ 2 4 based on Entanglement by Path Identity [16] and corresponding graph [13] . A: Four nonlinear crystals (gray squares) are pumped coherently and the pump laser can be set such that two photon pairs are created with reasonable probabilities. The final quantum state is created conditionally on simultaneously clicks in all four detectors. B: In the graph, every vertex stands for a photon's path and every edge represents a nonlinear crystal. The color depicts the mode number of a photon. Here black and red [dark gray] edges correspond to state with |00 and |11 , respectively. A fourfold coincidence in the experiment can be seen as a subset of edges that contains every vertex only once, which is called as a perfect matching in the graph. Thus, the coherent superposition of two perfect matchings leads to four-fold coincidences, which describes the quantum state
pairs are produced with reasonable probabilities 2 . In the experiment, the final quantum state is obtained by post-selection on 4-fold coincidences, which means that all 4 detectors click simultaneously. This happens when two photon pairs origin either from crystals I and II or from crystals III and IV. No other event could contribute to the 4-photon coincidences. For example, if only the photon pairs are produced from crystals II and III, there will be two photons in path c and no photon in path b.
One can translate such an optical setup into a graph [13] , which is described in Fig. 1B . There the vertices depict the photon's paths and the edges represent the nonlinear crystals. The graph contains two subsets of edges (E ab , E cd ) and (E ac , E bd ). Each subset contains all four vertices only once, which is called as a perfect matching of the graph. Therefore, the four-fold coincidences in the experiment are given by the coherent superposition of perfect matchings of the graph. The quantum state after conditioning on four-fold coincidences can be written as Figure 2 . General graphs and experimental implementations for creating 2-dimensional n-particle GHZ states |GHZ 2 n . In Fig. 1B , we have shown a graph for a 2-dimensional 4-particle GHZ state |GHZ . One can arbitrarily extend that graph, which means one can arbitrarily increase the number of particles in the quantum state. A, B and C show the general graphs and experiments for producing 2-dimensional 6, 8 and n-particle GHZ states. On the right side, we also show a 3D printed graph, which corresponds to a 2-dimensional 26-particle GHZ state |GHZ The corresponding experimental setup of the graph. All crystals are pumped coherently and the laser power can be set such that two photon pairs are produced. The coherent superposition of three perfect matchings leads to the quantum state, which is |ψ abcd =
where values 0 and 1 stand for photon's mode numbers (such as the OAM modes of the photon), and the subscript a, b, c and d represent the photon's paths. Now we generalize this technique to 2-dimensional n-particle GHZ states |GHZ 2 n . One can arbitrarily increase the number of vertices of the graph in Fig.  1B , which means that the number 3 of particles can be arbitrarily large. We show the general graphs and experiments for creating 2-dimensional n-particle GHZ states |GHZ 2 n in Fig. 2 . These graphs can describe, for instance, the largest polarization GHZ state consisting of n = 12 photons [23] . 4 As we have familiarized ourselves with the connection between graphs and quantum experiments [13] , we can use it to create higher-dimensional GHZ states, such as a 3-dimensional 4-particle GHZ state |GHZ . The corresponding graph is described in Fig. 3A .
It has been shown in [13, 25] that such a graph is the only graph which can be constructed where all perfect matchings are independent 5 . That means the quantum state |GHZ 3 4 is the only high-dimensional GHZ state which can be experimentally implemented in this way, while one can produce arbitrary 2-dimensional nparticle GHZ states |GHZ 2 n .
GENERATION OF DICKE STATES
One very large important class of states has been introduced by Robert H. Dicke, -Dicke states |D k n Figure 4 . General graphs and experiments for producing n-particle W states |Wn . A: A colored multigraph with four perfect matchings. Every perfect matching contains only one half-red [half dark gray] (black-red [black-dark gray] or red-black [dark gray-black]) edge, meaning that every term in the quantum state has exactly one excitation. The coherent superposition of all perfect matchings leads to a 4-particle W state |W4 . The corresponding experimental setup is described below the graph. B and C: In an analogous way, we show the graphs and experiments for generating 6-and 8-particle W states. On the right side, we show a 3D printed graph for a 26-particle W state |W26 . There the mode numbers 0 and 1 are represented with white and red [dark gray] colors, and the vertices are depicted in black. We call the graph for producing an n-photon W state Olivern graph. [5] . The states are defined as
where n and k stand for the number of particles and excitations, respectively.Ŝ is the symmetrical operator that gives summation over all distinct permutations of the n particles. W states |W n -The special case with only one excitation is the well-known n-particle W state (denoted as |D 1 n or |W n ) [26, 27] , which is highly persistent against photon loss. It is interesting that W states cannot be transformed into GHZ states with local operation and classical communication (LOCC) [28] , meaning that they reside in different classes of entangled states.
Firstly we start with a 4-particle W state |W 4 , which is
There are four terms in the quantum state, which correspond to four perfect matchings in the graph. For a complete graph 6 K 4 , the number of perfect matchings is three. However, we can use multiple edges to increase the number of perfect matchings. These graphs are denoted as multigraphs.
We show such a multigraph for the W state |W 4 in Fig. 4A 6 If every pair of vertices is connected with edges exactly once in a graph, we call such a graph as a complete graph. A complete graph with n vertices is denoted as Kn. is described below the graph. Therefore, one can experimentally produce 4-particle W state |W 4 [13] . Now we generalize the graph for arbitrary n-particle W state |W n . We connect all the half-red [half dark gray] edges to vertex a and describe the graphs in Fig. 4 . Thereby, every perfect matching contains exactly one half-red [half dark gray] edge because of the fact that vertex a can be used only once in a perfect matching. This gives exactly one excitation in every term of the quantum state. Thus one can construct such graphs for producing arbitrary W states. A 3D printed graph for a 26-particle W state |W 26 is shown in Fig. 4C .
Interestingly, the structure of the graph for creating n-particle W state |W n can be seen as a strong product of graphs [29, 30] . The general graph for state |W n is a special book graph [31] , which consists of n/2 − 1 complete graphs K 4 with common edges E ab (for details see the Appendix A). The multiple common edge E ab is the so-called base of the book graph and the n/2−1 complete graphs form the pages of our book graph. Hence such a graph can also be called a (n/2-1)-page 2-base K 4 -book graph [32] . For simplicity, we denote such a graph as an Oliver n graph. Thus, the graph for W state |W 8 , which is shown in Fig. 4C , is a book graph with three pages. have been successfully realized in laboratories [33] [34] [35] [36] . The general experimental scheme for symmetric Dicke states |D n/2 n is described in Fig. 5A .
The corresponding graph for such experimental setup is a complete graph K n , which is described in Fig. 5B (0 < m < n). We answer the question affirmatively, and show the construction of a graph in Fig. 6 . In general, we use two complete graphs While in all constructions before, all terms of the resulting quantum state had the same amplitude (which we call maximally entangled), that is not the case here anymore. In quantum experiments, one can adjust the pump power to make nonmaximally entangled states into maximally entangled states, which means adjusting all amplitudes to be the same values. For such quantum state, the total number of terms in the quantum state is given by the number of perfect matchings of the corresponding graphs, which holds for the rest of the paper. These introduce weights in the graphs, which have been investigated in [37] . We show some examples of maximally entangled Dicke states in the Appendix B.
GENERATION OF HIGH-DIMENSIONAL MULTIPARTITE ENTANGLED STATES
The generalization of high-dimensional entangled states allows very rich types of nonclassical correlations. One method to characterize these states is the so-called Schmidt-Rank Vector (SRV) [9, 38, 39] . These states give rise to asymmetrically entangled states that exist only if both the number of particles and the dimensions are larger than two. We study one important special case of 3-particle entangled states with an additional particle as a trigger. These states recently have been investigated experimentally [8, 11] , and studied extensively in the form of computer-designed experiments [14, 15] .
The SRV represents the rank of the reduced density matrices of each particle. In the quantum state of three parties a, b and c, the rank of the reduced density matrices
together form the SRV d ψ = (A, B, C), where A ≥ B ≥ C. The values A, B and C stand for the dimensionality of entanglement particle a, b and c with the other two parties.
The classification with different SRVs provides an interesting insight that one can transform quantum states from higher classes to lower classes with LOCC, and not vice versa 7 . As an example, we show a maximally entangled state with SRV=(4, 2, 2), which is |ψ abc = 1 2 (|000 + |101 + |210 + |311 ). (5) There the first particle a is 4-dimensionally entangled with the other two particles bc, whereas particle b and c are both only 2-dimensionally entangled with the rest. We are interested in maximally entangled states (as before, all amplitudes are the same). Furthermore, we want that the quantum state with SRV (A, B, C) has A terms. Thereby, the structure of the SRV is clearly visible in the computation basis, which is convenient experimentally. We call such an entangled state an SRV (A, B, C) state.
Searching experimental implementations for producing SRV (A, B, C) states has been investigated with the computer algorithm MELVIN [14] . In Fig.  7 , for the strong green cells, MELVIN has found experimental setups after several months of runtime. All other cases have remained open. Now one could ask which SRV (A, B, C) states are experimentally possible to create with probabilistic photon pair sources? We apply our connection between graphs and quantum experiments to answer the question. In [13] , the authors have shown that graphs with four vertices can contain maximally three independent perfect matchings. We extend that technique and find whether one can experimentally create an SRV (A, B, C) state without additional particles with probabilistic pair sources (details see the Appendix C) 8 . This finally answers a question that has been open for 3 years.
Our technique can be applied to find experimental implementations for another type of high-dimensional multipartite quantum states such as absolutely maximally entangled state [40] [41] [42] [43] . We show more interesting examples in the Appendix D. Many related questions remain open, and are summarized elsewhere [44] .
CONCLUSION
We have presented a method to experimentally create large classes of entangled quantum states that are theoretically well studied but unexplored in laboratories, by extending recent ideas in Ref. [16] and the bridge between quantum experiments and graphs [13] . 7 The dimensionality i (i = A, B, C) cannot be increased with LOCC. 8 All of the experimental setups are based on Ref. [16] . It is an open question how to create these setups with nonlinear crystals producing photon pairs and linear optics.
An exciting extension of our work would be a full classification of which quantum states are achievable with current photonic technology involving probabilistic pair sources.
One particular important class of photonic entangled states are so-called graph states, which are resources for measurement-based quantum computation [45, 46] . Despite the similarity of names, graph states are not related to the techniques explained here. It would be very interesting to investigate which type of graph states can be experimentally generated with probabilistic pair sources. A starting point will be the introduction of complex weights, which has been discussed in Ref. [37] .
Motivated by our results, another purely physical question raises: What does it mean physically that some entangled quantum states cannot be created? Is the producibility or lack thereof connected to a property of entanglement, such as entanglement of formation [47] ? While the graph theoretical representation covers the mathematical results in an excellent way, a physical interpretation of these results is still missing. It would be an exciting research project to shed more light on that question.
Here we explain the structure of graphs for nparticle W states |W n and show a graph G for the W state |W 8 in Fig. 8 .
The graph G can be seen as the result of a union operation of graphs G 1 and G 2 . There the graph G 1 is a strong product 9 [29, 30] (S 4 P 2 ) of a star graph 10 S i and a path graph 11 P i . The graph G 1 can be seen as a special case of book graph [31] . The graph P 2 is 9 The strong product G H of graphs G and H is the graph with vertex set V (G) × V (H) and u=(u1,v1) is adjacent with v=(u2,v2) whenever (v1=v2 and u1 is adjacent with u2) or (u1=u2 and v1 is adjacent with v2) or (u1 is adjacent with u2 and v1 is adjacent with v2). 10 A star graph S i is a graph with i vertices, where (i − 1) vertices are only connected, with one edge, to a single central vertex. 11 A path graph P j is a graph with j vertices, where j vertices and (j − 1) edges lie on a single line. Figure 8 . Graph operations for constructing the graph corresponding to an n-particle W state -the Olivern graph. The structure of graph G for the W state |W8 can be seen as a union of graphs G1 and G2, which is G = G1 G2. Graph G1 is a strong product of a star graph S4 and a path graph P2, which is G1 = S4 P2. Therefore, the graph for n-particle W state |Wn can be depicted as
the base of the book graph and the number of edges of the graph S i gives the number of pages in the book graph. Therefore, the graph for the quantum state |W 8 is a book graph with three pages.
Appendix B: Graphs for General Dicke States
We have shown a general graph for arbitrary nonmaximally Dicke states in Fig. 6 . Each term in the quantum state corresponds to a number of perfect matchings. The number of perfect matchings is not necessarily the same number of the terms in the quantum state. Experimentally this leads to different coefficients for each term of the state and thereby to nonmaximally entanglement.
In the laboratories, one can adjust the pump power to change the amplitudes in order to obtain the maximally entangled states. This will introduce weights in the corresponding graph [37] . We show how to make the nonmaximally Dicke states |D We do this by computing all perfect matchings that correspond to individual terms and then require that the corresponding weights lead to a constant value. This leads to an algebraic equation system. For the example mentioned above, that system can be solved. Here we apply the connection between graphs and experiments to answer which maximally entangled SRV (A, B, C) states can be created. As we have described in the main text, for an SRV (A, B, C) state with an additional trigger t (t stays the same mode number), the dimensionality of particles a, b and c are given by the values A, B and C. That means particles a, b and c must contain A, B and C different mode numbers (A ≥ B ≥ C).
In the graph description, every perfect matching of the graph corresponds to a term in the quantum state. Thus we need to construct a graph with exactly A perfect matchings, as this is part of our definition of maximally entanglement. We now use the three disjoint perfect matchings that exist in the complete graph K 4 to find a possible experimental implementation for different SRV (A, B, C) states.
The main idea is, when there is more than one term with the same mode number for a particle a, b or c, we could combine the trigger t together with the particle of the repeated mode number to form a multiedge. That will allow us to create more than three terms in the quantum state (Note: we can always create three arbitrary terms, as we have full control of edges in the three perfect matchings.). In total we need to create A terms.
First we consider the edge E t,a . The mode number in each term of particle a needs to be different, thus we can only use E t,a to create one term. Now we consider the edge E t,b . Photon b has B different mode numbers, therefore in A − B terms, the mode numbers can be the same. So in addition to the one term that we always create, we have the possibility to create A − B additional terms, leading to 1 + (A − B) terms producible using E t,b . However, in the cases when we use the same mode number for particle b, the mode number for particle c needs to be different (otherwise it would reduce the dimensionality of the state, for example: |0 a |0, 0 b,c + |1 a |0, 0 b,c = (|0 a + |1 a ) |0, 0 b,c . That means there is a tradeoff between the number of repetitions in particle b that we can use, and the number of different modes particle c has (which is C). So in total, using edge E t,b , we can create min(1 + (A − B), C) terms.
Finally, we apply the same argument to the terms that we can create using E t,c . We use the (A − C) repetitions to create 1 + (A − C) terms, again conditioned that there are enough usable mode numbers of photon b. That usable numbers of different modes in b is now (B − 1), because one mode number was already used in the perfect matchings using E t,b . Therefore we find that, using the edge E t,c , we can create min(1 + (A − C), B − 1) terms.
Overall we find the following condition explaining whether the SRV (A, B, C) can be created: From Fig. 6 , we know that such a graph can be redrawn as two complete graphs K1 and K3 connected with blue [light gray] edges. The coherent superposition of all the perfect matchings in such a graph leads to the final quantum state, which is |ψ abcd = γ(3α|0001 + β|0010 + β|0100 + β|1000 ) (without normalization). In order to obtain the maximally entangled W state, the coefficients should be the same, meaning 3α = β. For example, we can set the weights (α = 1, β = 3, γ = 1). B: Graph for W state |W6 . In an analogous way, we need to calculate all the perfect matchings of the graph. Firstly we start with edge E af . The graph can be decomposed into the edge E af and a graph Kn−2 with vertices b, c, d and e. In this case, the superposition of the perfect matchings are calculated, which is 3γ 2 (α|000001 + β|100000 ). We calculate all the perfect matchings and require that 5α = β. Then we obtain the W state. In general, we can obtain n-particle W states with (n − 1)α = β. . This graph can be redrawn as two complete graphs K4 and K2 connected with blue [light gray] edges. B: Firstly we consider the term |000011 in the Dicke state, we find that there are two cases in the graph where the perfect matchings lead to that term. One is that the perfect matchings contains red [dark gray] edge E ef . The other case is that the red-black [dark gray-black] edges connect to vertices e and f . Thereby, we find the number of perfect matchings leading to the term of the quantum state. The absolutely maximally entangled (AME) states are another type of multipartite states, which give the maximally mixed states by tracing out half or more of the parties. Such state is defined as AM E(n, d) with n particles of local dimension d. (6, 3, 3) , we apply the restriction and the parameters fulfill the condition derived in B, thus such a state can be created. However, in the case of SRV (6, 3, 2), the parameters do not fulfill the requirement and one needs four disjoint perfect matchings of a graph with four vertices. Such a graph does not exist. Therefore, this quantum state cannot be produced with probabilistic photon pair sources in such way. Here we only consider the experimentally most significant cases with n = 3, which is written as [48] |AM E(3, d)
where sums inside kets are computed to be modulo d. Firstly, we consider the 2-dimensional 3-particle AME state, which is |ψ abc = 1 2 (|000 + |011 + |101 + |110 ).
Here, we apply the technique from the restriction for creating SRV (A, B, C) states in Fig. 11 . Thus we can rewrite such a state in Eq. D2 as |ψ abct = 1 2 (|0000 + |0110 + |1010 + |1100 ) = 1 2 {(|01 + |10 ) ab |10 ct + |0000 abct + |1100 abct }.
We show such a graph in Fig. 12 , which means that the quantum state can be experimentally produced. Now we consider a 3-dimensional 3-particle AME state, which is |ψ abc = 1 3 (|000 + |011 + |022 + |101 + |112 +|120 + |202 + |210 + |221 ).
In an analogous way, such a state can be rewritten as |ψ abct = 1 3 {(|11 + |22 )|00 bt + (|12 + |21 )|00 ct +(|00 + |11 + |22 ) bc |00 at + |1120 abct +|2210 abct }
There we would need more than three independent perfect matchings for a graph with 4-vertices. However such a graph does not exist. Thus one cannot experimentally produce the state |AM E(3, 3) in such a way. Similarly, the state |AM E(4, d) with d ≥ 2 cannot be created in this way.
